Quantum states obey an asymptotic no-cloning theorem, stating that no deterministic machine can reliably replicate generic sequences of identically prepared pure states. In stark contrast, we show that generic sequences of unitary gates can be replicated deterministically at nearly quadratic rates, with an error vanishing on most inputs except for an exponentially small fraction. The result is not in contradiction with the no-cloning theorem, since the impossibility of deterministically transforming pure states into unitary gates prevents the application of the gate replication protocol to states. In addition to gate replication, we show that N parallel uses of a completely unknown unitary gate can be compressed into a single gate acting on O(log N ) qubits, leading to an exponential reduction of the amount of quantum communication needed to implement the gate remotely.
A striking feature of quantum theory is the impossibility of constructing a universal copy machine, which takes as input a quantum system in an arbitrary pure state and produces as output a number of exact replicas [1, 2] . Such an impossibility has major implications for quantum error correction [3, 4] and cryptographic protocols such as key distribution [5, 6] , quantum secret sharing [7, 8] , and quantum money [9] [10] [11] [12] .
The impossibility of universal copy machines is a hard fact: it equally affects deterministic [13] [14] [15] [16] and probabilistic machines [17] [18] [19] , whose performances coincide with those of deterministic machines when it comes to copying completely unknown pure states [18, 19] . A similar no-go result holds when the universal machine is presented a large number N of identical copies and is required to produce a larger number M > N of approximate replicas: if the replicas have non-vanishing overlap with the desired M -copy state, then the number of extra copies must be negligible compared to N [15] . We refer to this fact as the asymptotic no-cloning theorem, expressing the fact that independent and identically distributed (i.i.d.) sequences of pure states cannot be stretched by any significant amount. The asymptotic no-cloning theorem holds also for non-universal machines designed to copy continuous sets of states, provided that such machines work deterministically [19] .
The impossibility of universal state cloning suggests similar results for quantum gates. Along this line, a nogo theorem for universal gate cloning was proven in Ref. [20] , showing that no quantum network can perfectly simulate two uses of an unknown unitary gate by querying it only once. Optimal networks that approximate universal gate cloning were studied in Refs. [20, 21] . Very recently, Dür and coauthors [22] considered a non-universal setup designed to clone phase gates, i. e. gates generated by time evolution with a known Hamiltonian. In this scenario, they devised a quantum network that approximately simulates up to N 2 uses of an unknown phase gate while using it only N times, with vanishing error in the large N limit. Such a result establishes the possibility of super-replication of phase gates-super-replication being the generation of M N high-fidelity replicas from N 1 input copies [19] . Remarkably, superreplication of phase gates is achieved deterministically, whereas super-replication of phase states has exponentially small probability of success. The main open question raised by Ref. [22] is whether deterministic superreplication occurs not only for phase gates, but also for arbitrary unitary gates. An affirmative answer would imply that the asymptotic no-cloning theorem only applies to states, whereas it is possible to stretch long i.i.d. sequences of reversible gates by up to a quadratic factor. In this letter we answer the question in the affirmative, establishing the possibility of universal super-replication of unitary gates, in stark contrast with the asymptotic no-cloning theorem for pure states. Given N uses of a completely unknown unitary gate U , we construct a quantum network that simulates up to N 2 parallel uses of U , providing an output that is close to the ideal target for all possible input states except for an exponentially small fraction. The quadratic replication rate is optimal: every other network producing replicas at a rate higher than quadratic will necessarily spoil their quality, delivering an output that has vanishing overlap with the output of the desired gate. In addition to replication, we consider the task of gate compression, where the goal is to faithfully encode the action of a black box into a gate operating on a smaller quantum system. We show that N uses of a completely unknown gate can be encoded without any loss into a single gate acting only on (d − 1)(d/2 + 1) log N qubits, thus allowing for an exponential reduction of computational workspace. The number of qubits can be further cut down by a half if one tolerates an error that vanishes on almost all inputs in the large N limit. The compression of i.i.d. gate sequences is the analogue of the compression of i.i.d. state sequences [23] , recently demonstrated experimentally [24] .
Universal super-replication of qubit gates. Let us start from the simple case of qubit gates, represented by unitary matrices in SU (2) . A generic gate can be parametrized as U θ,n = exp[−iθ n · j], where θ ∈ [0, 2π) is a rotation angle, n = (n x , n y , n z ) is a rotation axis, and j = (j x , j y , j z ) is the vector of angular momentum operators (j i := σ i /2 , i = x, y, z). We define g := (θ, n) and label the unitary gate as U g . Here both θ and n are completely unknown, differing from the setting of [22] , where FIG. 1. Quantum network for gate replication. The network simulates M parallel uses of an unknown unitary gate Ug, while querying it only N times. The simulation is obtained by transforming the input state of M systems into the joint state of N systems plus an ancilla (via quantum channel C1), applying the unknown gate on the N systems, and then recombining them with the ancilla via a quantum channel C2, which finally produces M output systems.
the rotation axis was fixed and only θ was varying.
In order to replicate unknown gates, we consider a network where N parallel uses of U g are sandwiched between two quantum channels, C 1 and C 2 , as in figure 1 . The overall action of the network is described by the channel
g and I A denoting the identity on a suitable ancillary system. To construct the channels C 1 and C 2 , we decompose the Hilbert space of K qubits (K = N, M ) into rotationally invariant subspaces. Choosing K to be even, we have
where j is the quantum number of the total angular momentum, R j is a representation space, of dimension d j = 2j + 1, and M jK is a multiplicity subspace, of dimension m jK . The isomorphism in Eq. (1) is called the Schur transform and can be implemented efficiently in a quantum circuit [25, 30] . We now introduce a cutoff on the quantum number j and define the subspace
To compress a state inside this subspace, we use the encoding channel defined by . The key observation is that most K-qubit states are left nearly unchanged by the channel E (K) J , provided that K is large and J is large compared to √ K. Denoting by F (K,J) Ψ the fidelity between a generic K-partite pure state |Ψ and its compressed version E (K) J (|Ψ Ψ|), we have the following Theorem 1. If |Ψ is chosen uniformly at random, then, for every fixed > 0, the probability that F (K,J) Ψ is smaller than 1 − satisfies the bound
Proof. By Markov's inequality, one has
is the average of the fidelity over all pure states. In turn, the average fidelity can be lower bounded by the entanglement fidelity [26, 27] , given
where
The entanglement fidelity satisfies the bound
where the coefficients d j m jK /2 K form a probability distribution, known as the Schur-Weyl measure [28, 29] . For large K, the Schur-Weyl measure concentrates around j = 0 [30] , yielding the bound 
We are now ready to specify the channels C 1 and C 2 in the gate replication network of figure 1. For channel
for M growing like N 2−α , α > 0 and to J = N/2 for M growing like N 2 or faster. For channel C 2 we choose the inverse of V j , namely
The action of the network on a generic M -qubit state U g is then given by
the first equality coming from Eq. (5) and the second from the fact that C 2 is the inverse of V J . Clearly, Eq. (7) implies that the fidelity between the output state and the ideal target U ⊗M g |Ψ is equal to F (M,J) Ψ independently of g. By theorem 1, the fidelity is arbitrarily close to one on most input states whenever M grows like O(N 2−α ). In this case, the number of ancillary qubits used by the protocol scales like M − N + O N 1−α/2 (Appendix B). For M growing faster than N 2 , the fidelity tends to zero. In summary, given N uses of a completely unknown gate, our network simulates up to N 2 uses with high fidelity on most input states. The simulation works with probability exponentially close to 1, but can fail on some specific inputs: notably, it fails for inputs of the i.i.d. form |ϕ ⊗M , for which the fidelity with the desired output state is zero. The fact that replication works well in the typical case is analog to other phenomena based on measure concentration, such as quantum equilibration [31] and entanglement typicality [32] .
State cloning vs state generation. Deterministic gate replication is not in contradiction with the asymptotic no-cloning theorem. Indeed, suppose that we wanted to use gate replication to clone a completely unknown pure state |ψ = U ψ |0 for some fixed state |0 . To this purpose, we would have to retrieve the gate U ψ from the input state |ψ -a task whose deterministic execution is forbidden by the no-programming theorem [33] . Since the state |ψ is arbitrary, a symmetry argument precludes the conversion |ψ → U ψ even probabilistically [19] .
Though gate replication cannot be used for state cloning, it may still provide an advantage in the less demanding task of state generation, which consists in producing M copies of the state |ψ from N uses of the gate U ψ . The advantage does not show up in the universal case, because universal gate replication does not reproduce correctly the action of the gate U ⊗M ψ on the i.i.d. input state |0
⊗M . However, it does show up in non-universal cases: for example, Ref. [22] demonstrated that N uses of a phase gate allow one to generate up to N 2 copies of the corresponding phase state. Similarly, we show that universal gate replication allows to generate M maximally entangled states with fidelity
(Appendix C). The protocol for generating entangled states also provides an alternative way to generate phase states: given N uses of a phase gate with phase θ one can first generate M N approximate copies of the maximally entangled state (|0 |0 + e −iθ |1 |1 )/ √ 2 and then apply a CNOT gate to each copy and discard the second qubit of the pair, thus obtaining M N approximate copies of the state (|0 + e −iθ |1 )/ √ 2. We refer to the ability to produce M N states from N 1 uses of the corresponding gate as state super-generation. Again, we stress that state super-generation does not challenge the asymptotic no-cloning theorem, because N uses of a gate cannot be obtained deterministically from N copies of the corresponding state. In the concrete examples of phase states and maximally entangled states, the fidelity of the best deterministic N -to-M cloner scales as (N/M ) 1/2 and as (N/M ) 3/2 , respectively [34] , clearly preventing the production of M N high-fidelity clones.
Probabilistic cloning of maximally entangled states and the optimality of universal gate replication. The map U g → |Φ g is a one-to-one correspondence between qubit gates and two-qubit maximally entangled states [35, 36] . The inverse map |Φ g → U g is implemented by probabilistic teleportation, which succeeds with optimal probability 1/4 [37, 38] . Combined with the super-generation of entangled states, the implementability of the map |Φ g → U g implies that N maximally entangled states can be cloned probabilistically, obtaining up to N 2 high fidelity copies, albeit with exponentially small probability 1/4
N . The result is interesting not only because it provides an explicit protocol achieving super-replication of maximally entangled states, but also because it allows one to prove the optimality of the gate super-replication protocol: if there existed a protocol producing M N 2 almost perfect copies of a generic unitary gate, such a protocol could be converted into a probabilistic cloning protocol producing M N 2 almost perfect copies of a generic maximally entangled state. Such a protocol is impossible because it would violate the Heisenberg limit for quantum cloning [19] . Even more strongly, since the fidelity of state replication must vanish for M N 2 [19] , every gate replication protocol simulating M N 2 uses must have vanishing entanglement fidelity, and, therefore, vanishing fidelity on most input states. This conclusion applies both to deterministic and probabilistic gate replication protocols.
Gate compression. The argument used to prove gate super-replication can also be applied to the task of gate compression, whose goal is to encode the action of a gate U x into another gate U x acting on a smaller physical system. Gate compression protocols are useful in distributed scenarios wherein a server (Alice) is required to apply the gate U x to an input state provided by a client (Bob). In such a task, it is natural to minimize the total amount of communication between client and server, by compressing the gate U x into a gate acting on the smallest possible system. Ideally, the compression should be faithful, in the sense that the action of U x on the original input state is simulated without errors. In practice, Alice and Bob can often tolerate a small error, especially if this allows them to increase the compression rate.
The general form of a gate compression protocol is illustrated in Figure 2 . Here we consider the scenario where U x is an N -qubit gate of the i.i.d. form U ⊗N g , U g being an arbitrary rotation of the Bloch sphere. The case of rotations around a fixed axis has been previously considered in [22] . Using the decomposition of Eq. (1), the gate U ⊗N g can be put in the block diagonal form
is a unitary gate acting on the representation space R j and I M jN is the identity on the multiplicity space M jN . The working principle of the compression protocol is to get rid of the multiplicity spaces, on which the gate U ⊗N g acts trivially. Specifically, Bob encodes his N -qubit input into the state of a composite system AB, where system A has Hilbert space H A = N/2 j=0 R j and system B has Hilbert FIG. 2 . Gate compression. Alice sandwiches the given gate Ux (in green) between two quantum channels A1 and A2 (in red), thus compressing it into a gate U x acting on a smaller quantum system. The action of Ux is retrieved through Bob's operations B1 and B2 (in blue), which involve the system processed by Alice and a quantum memory kept in Bob's laboratory. The protocol reduces the amount of quantum communication needed to simulate the application of Alice's gate to Bob's input.
space H B = M 0N , the multiplicity space of largest dimension. Then, he transmits system A to Alice, keeping system B in his laboratory. On her side, Alice encodes the gate U ⊗N g into the gate
g , acting only on system A. She applies U g on the input provided by Bob and returns him the output. Finally, Bob applies to systems A and B a joint decoding operation, thus obtaining an output state of N qubits. All these operations can be devised in such a way that the protocol implements the gate U Extension to higher dimensions. Our gate replication protocol can be easily extended to quantum systems of arbitrary dimension d < ∞ (qudits), showing that arbitrary i.i.d. sequences of unitary gates can be replicated at a nearly quadratic rate, with vanishing error on most inputs except for an exponentially small fraction (Appendix E). For M = O(N 2−α ) the number of ancillary qudits used by the protocol is equal to M − N + O N 1−α/4 . As a byproduct of universal gate super-replication, it is possible to achieve supergeneration of maximally entangled states, as well as multiphase states of the form |e θ = (|0 + e
. Furthermore, N uses of a completely unknown gate can be compressed with zero error into a single gate acting on (d − 1)(d/2 + 1) log 2 N qubits, a number that can be cut down by nearly a half if one accepts an almost everywhere vanishing error (Appendix G).
In conclusion, we showed that N uses of a completely unknown unitary gate allow one to simulate up to N 2 uses of the same gate, with high accuracy on all input states except for an exponentially small fraction. The protocol has optimal rate: any attempt to simulate N 2 or more uses is doomed to have vanishing fidelity on most input states. The ability to replicate unitary gates with high fidelity is not in contradiction with the no-cloning theorem, due to the impossibility to deterministically retrieve unitary gates from non-orthogonal pure states. The arguments developed for the gate replication protocol also apply the task of gate compression, useful in distributed scenarios where a server has to apply a gate to an input state provided by a client. In this scenario, an unknown i.i.d. sequence of N unitary gates can be compressed down to a single gate acting only on O(log N ) qubits, thus achieving an exponential reduction of quantum communication between client and server.
having used Hoeffding's inequality. As a consequence, the entanglement fidelity of the channel E (K) J is lower bounded as
Appendix B: Minimum dimension of the ancilla in the gate replication protocol
In the gate replication protocol, the output of the compression channel
In order for such isometry to exist, the dimension of the ancilla must satisfy the condition m jN d A ≥ m jM for all j ≤ J. Hence, its minimum value is
The condition J/N 1 is always met in the super-replication regime, when M scales like N 2−α for some α > 0 and J is set to N 1−α/4 . Accordingly, the number of ancillary qubits needed for the implementation of the gate replication protocol is equal to
Appendix C: Super-generation of two qubit maximally entangled states and single qubit phase states
Given N uses of a generic qubit gate U g , it is easy to obtain up to N 2 copies of the maximally entangled state The protocol produces an approximation of the target state |Φ g ⊗M , given by
where I sec denotes the identity on the M -qubit system consisting of the second qubit of each pair in the entangled state |Φ + ⊗M and the channel C 2 U ⊗N g ⊗ I A C 1 acts on the M -qubit system consisting of the first qubit of each pair (reordering of the Hilbert spaces is assumed where necessary). The fidelity of the approximation is
which establishes the possibility to generate up to N 2 copies of the state |Φ g from N uses of the gate U g . In other words, maximally entangled states can be super-generated using the corresponding gates.
Super-generation of entangled states also implies super-generation of phase states. Suppose that one is given N uses of a phase gate U n,θ , where the rotation axis n is known. For definiteness, let us fix n to be the z-axis, so that U n,θ is diagonal in the computational basis {|0 , |1 }. Then, using the entanglement generation protocol, one can produce M approximate copies of the state |Φ θ = (|0 |0 + e −iθ |1 |1 )/ √ 2. The latter can be transformed into M approximate copies of the state |e θ = (|0 + e −iθ |1 )/ √ 2, by applying CNOT gates and discarding the second qubit of each pair. Denoting by ρ (M ) θ the approximation of the M entangled states, the fidelity of the protocol is given by
Note that the protocol used to super-generate the phase state |e θ is non-universal due to the presence of the CNOT gate, which is defined in the computational basis {|0 , |1 }. 
where α 0 is a fixed density matrix on H A and V : H A → H ⊗N is the isometry V := N/2 j=0 I Rj ⊗ |µ j , where I Rj is the identity on R j and |µ j is a fixed pure state in M jN . By construction, one has
where U g and U g are the channels associated to U g and U g , respectively. Eq. (D2) expresses the fact that Alice's operations encode the action of the gate U ⊗N g into the gate U g . In order to show that the encoding is faithful, one has to show that Bob can simulate the gate U ⊗N g using U g . To this purpose, consider the operations
where β 0 is a fixed density matrix on H ⊗N and W is the isometry
where H B := M 0N is the multiplicity space of largest dimension and W j is a fixed isometry from M jN to H B . With this definition, one has
expressing the fact that Bob can retrieve the action of the gate U ⊗N g from the use of U g . According to Eqs. (D2) and (D4), the operations A 1 , A 2 , B 1 , B 2 define an exact gate compression protocol.
The approximate protocol is a straightforward variation of the above: the gate U where T K,d is the set of all partitions of K into d non-negative integers.
With the above notation, the Hilbert space of K identical systems can be decomposed as
where R λ is a representation space, of dimension d λ , and M λ is the corresponding multiplicity space, of dimension m λ . The dimensions and multiplicities satisfy the following bounds [30, 40? ] .
and 
where λ 0 ∈ Z is some fixed integer and 1 ∈ R d is the vector with all entries equal to 1.
Concentration of the Schur-Weyl measure
The Schur-Weyl measure is the probability distribution over the Young diagrams in Y K,d defined as
For large K, the Schur-Weyl measure is concentrated on the Young diagrams with rows of length approximately equal to K/d [30] . Specifically, let us denote by Y Proof. Recall that the average of fidelity over all pure states can be is lower bounded by the entanglement fidelity. Combining this fact with Markov's inequality one obtains Prob F (K,J) Ψ
